
 

√ 𝒙 𝟎 

√ 𝑥 0 

 

𝟑 𝟔 

𝒚 𝟏 

 

= 𝑦 − 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Q.1 a) Evaluate ∫
∞ 𝒆−𝒙𝟑 

𝒅𝒙. [3] 
 

ANS: 𝐼 = ∫
∞ 𝑒−𝑥3 

𝑑𝑥. 
 

Put x3 = t 

x = 𝑡
1 

𝑑𝑥 = 
3 

𝑡
−2 

𝐼 = ∫
∞ 

𝑒−𝑡. 𝑡−
1

.
1 

. 𝑡
−2 

𝑑𝑡 
 

𝐼 = ∫
∞ 

𝑒−𝑡. 𝑡−
5 

𝑑𝑡 
 

𝑰 = 
𝟏 

|
𝟏
. 

 
 

b) Find the length of the curve 𝒙 = 
𝟑 

+ 
𝟒𝒚 

from y = 1 to y = 2. 

[3] 
 

ANS: We have 𝑥 = 
3 

+ 
4𝑦 

Diff w.r.t. y, we get 

𝑑𝑥 2 1 

𝑑𝑦                       4𝑦2



 

    

 

   

𝟐𝟒 

𝑦 = 

 𝑦 = = 

𝟐𝟎 

𝟎 𝒙 

 

1 + (
𝑑𝑦

)2 = 1 + (𝑦2 − 
4𝑦2)

2 
= 𝑦4 + 

2 
+ 

16𝑦4 = (𝑦2 + 
4𝑦2)

2 

We know that, 
 

𝑠 = ∫
2 

√1 + (
𝑑𝑦

)2 𝑑𝑦 

 

𝑠 = ∫
2 √(𝑦2 + 

4𝑦2)
2 

𝑑𝑦 
 

2 

𝑠 = [ 
3 

− 
4𝑦

]
1 

 

𝑠 = 
8 

− 
1 

− (
1 

− 
1
) 

 

𝒔 = 
𝟓𝟗 

 

c) Solve (𝑫𝟐 + 𝑫)𝒚 = 𝒆𝟒𝒙. [3] 
 

ANS: For auxiliary equation, 
 

𝐷2 + 𝐷= 0 
 

Solving we get, 
 

D = -1, 0. 
 

C.F. = 𝐶 𝑒−𝑥 + 𝐶2𝑒0𝑥 

𝐶. 𝐹 = 𝐶 𝑒−𝑥 + 𝐶2 

For P.I., 
 

𝑒4𝑥 

𝐷2+𝐷 

Now, put D = 4 
 

𝑒4𝑥 𝑒4𝑥 

42+4          20 

 The complete solution is, 
 

𝒚 = 𝑪𝟏𝒆−𝒙 + 𝑪𝟐 + 
𝒆𝟒𝒙

. 
 

d) Evaluate ∫
𝟏 

∫
𝒙 

𝒙𝒚(𝒙 + 𝒚)𝒅𝒚𝒅𝒙. [3]



 

 

∫ 

∫ 
   

𝐼 = ⋅ − − 

  

𝟑 

𝑑𝑥 

 = 

 

ANS: We have, 
 

𝐼 = ∫
1 

∫
𝑥 

𝑥𝑦(𝑥 + 𝑦)𝑑𝑦𝑑𝑥. 
 

𝐼 = 
1 

[
𝑥

2
𝑦

2 

+ 
𝑥𝑦

3

]
𝑥 

𝑑𝑥 
2 3 𝑥2 

 

𝐼 = 
0 

[
𝑥4 

+ 
𝑥4 

− 
𝑥6 

− 
𝑥7

] 𝑑𝑥 

5 𝑥5 𝑥7 𝑥8 1 

6 5 14 24 0 
 

𝐼 = 
6 

− 
14 

− 
24 

 
𝑰 = 

𝟓𝟔 

 
e) Solve (𝟒𝒙 + 𝟑𝒚 − 𝟒)𝒅𝒙 + (𝟑𝒙 − 𝟕𝒚 − 𝟑)𝒅𝒚 = 𝟎. [4] 

ANS: Given, (4𝑥 + 3𝑦 − 4)𝑑𝑥 + (3𝑥 − 7𝑦 − 3)𝑑𝑦 = 0. 

 M = (4𝑥 + 3𝑦 − 4) and N = (3𝑥 − 7𝑦 − 3) 

Differentiating M by y and N by x, we get, 

𝑑𝑀 
= 3 And 

𝑑𝑁 
= 3 

 

𝑑𝑀         𝑑𝑁 

𝑑𝑦          𝑑𝑥 

The given equations are exact. 
 

For solution, 
 

∫ 𝑀 𝑑𝑥 = ∫(4𝑥 + 3𝑦 − 4) 𝑑𝑥 

∫ 𝑀 𝑑𝑥 = 2𝑥2 + 3𝑥𝑦 − 4𝑥 

∫(𝑇𝑒𝑟𝑚 𝑖𝑠 𝑁 𝑓𝑟𝑒𝑒 𝑓𝑟𝑜𝑚 𝑥) = ∫ −7𝑦 − 3 𝑑𝑦 

= 
−7𝑦2 

− 3𝑦 

 The final solution is, 
 

2𝑥2 + 3𝑥𝑦 − 4𝑥 −
7𝑦2 

− 3𝑦 = 𝑐



 

𝒅𝒙 

  

  

 

  

  

𝒅 

 

 

 

𝟒𝒙𝟐 + 𝟔𝒙𝒚 − 𝟖𝒙 −𝟕𝒚𝟐 − 𝟔𝒚 = 𝒄 
 

f) Solve 
𝒅𝒚 

= 𝟏 + 𝒙𝒚 with initial condition 𝒙𝟎 = 𝟎, 𝒚𝟎 = 𝟎. 𝟐 By Taylors 

series method. Find the approximate value of y for x = 0.4(step size 

= 0.4). 
 

ANS: The Taylor series is given by, 
 

𝑦 = 𝑦0 + 𝑥𝑦 ′ + 
2! 

𝑦 ′′ + 
3! 

𝑦 ′′′….. …….. (1) 

With 𝑥0 = 0, 𝑦0 = 0.2, 𝑥 = 0.4 

Now, y’ = 1 + xy 
 

y’’ = y + xy’ 
 

y’’’ = y’ + y’ + xy’’ 

 

= 2y’ + xy’’ 

𝑦 ′ = 1 
 

𝑦 ′′ = 𝑦0 = 0.2 
 
 
 

𝑦 ′′′ = 2𝑦 ′ = 2 
 

y’’’’ = 2y’’ + y’’ + xy’’’ 𝑦 ′′′′ = 3𝑦 ′′ + 𝑥𝑦 ′′′ = 0.6 
 

Putting these values in equation 1, we get 
 

𝑦 = 0.2 + (0.4)1 + +
(0.4)2 

0.2 + 
(0.4)3 

. 2 + 
(0.4)4 

. (0.6) + ⋯ 
 

𝑦 = 0.2 + 0.4 + 0.016 + 0.02133 + 0.00064 
 

𝒚 = 𝟎. 𝟔𝟑𝟕𝟗𝟕. 
 

Q.2 a) Solve
𝒅

𝒙

𝒚 
− 𝟏𝟔𝒚 = 𝒙𝟐𝒆𝟑𝒙 + 𝒆𝟐𝒙 − 𝐜𝐨𝐬 𝟑𝒙 + 𝟐𝒙. [6] 

ANS: The auxiliary equation is 𝐷2 − 16 = 0 

𝐷 = 4, −4 
 

 The C.F. is 𝑦 = 𝐶 𝑒4𝑥 + 𝐶2𝑒−4𝑥 

Now, to find P.I., 

P.I. = 
𝐷2−16 

(𝑥2𝑒3𝑥 + 𝑒2𝑥 − cos 3𝑥 + 2𝑥) 

Now, 
𝐷2−16 

𝑥2𝑒3𝑥 = 𝑒3𝑥 .
(𝐷+3)2−16 

. 𝑥2 

= 𝑒3𝑥 .
𝐷2+6𝐷+9−16 

. 𝑥2 = 𝑒3𝑥 .
𝐷2+6𝐷−7 

. 𝑥2



 

7 

7 

7 49 

3 3 

7 49 7 49 

   

 . cos 3𝑥 = = 

   lo  

 

1 os 3 2 𝑥 

𝟕 𝟒𝟗 𝟏𝟐 𝟐𝟓 
𝒙 

. 

𝐜𝐨𝐬 𝒙 𝟎 

= 𝑑𝑥 = . 𝑑𝑥 = ∫ ∫ ∫ 

  

 

= −
𝑒3𝑥 

.
(1−

𝐷2+6𝐷
) 

. 𝑥2 

 

= −
𝑒3𝑥 

. (1 − 
𝐷2+6𝐷

)
−1 

. 𝑥2 

 

= − 𝑒3𝑥 

(1 + 𝐷
2+6𝐷 + 𝐷

4+6𝐷3+36𝐷2 

+ ⋯ ) . 𝑥2 
 

= −
𝑒

7

𝑥 

(𝑥2 + 
1

2𝑥+2 
+ 

72
) = −

𝑒

7

𝑥 

(𝑥2 + 
1

2𝑥 
+ 

86
) 

 

 
𝐷2−16 

. 𝑒2𝑥 = 𝑒2𝑥 
22−16 

= 𝑒2𝑥 .
22−16 

= 𝑒2𝑥 .
12 

1 cos 3𝑥 cos 3𝑥 

𝐷2−16 −9−16 −25 

 
𝐷2−16 

. 2𝑥 = 
𝐷2−16 

. 𝑒𝑥 log 2 = 
(

log 2)

g

−16 
. = 

(log 2)2−16
. 

 

P.I. = −
𝑒

7

𝑥 

(𝑥2 + 
12𝑥 

+ 
86

) + 𝑒2𝑥. 
12 

+ 
c 

25 

𝑥 
+ 

(log 2)2−16
. 

 The complete equation is, 

𝒚 = 𝑪𝟏𝒆𝟒𝒙 + 𝑪𝟐𝒆−𝟒𝒙 − 𝒆
𝟕

𝒙 

(𝒙𝟐 + 𝟏𝟐𝒙 + 𝟖𝟔
) + 𝒆𝟐𝒙. 

𝟏 
+ 

𝐜𝐨𝐬 𝟑𝒙 
+ 

𝟐 

(𝐥𝐨𝐠 𝟐)𝟐−𝟏𝟔 
 

b) Show that ∫
𝝅 𝐥𝐨𝐠(𝟏+𝐚𝐜𝐨𝐬 𝒙) 

𝒅𝒙 = 𝝅 𝐬𝐢𝐧−𝟏 𝒂 𝟎 ≤ 𝒂 ≤ 𝟏. [6] 
 

ANS: Let I (a) be the given integral. By the rule of differentiation under 

the integral sign. 
 

𝑑𝐼 𝜋 𝑑𝑓 𝜋 1 cos 𝑥 𝜋 𝑑𝑥 

𝑑𝑎 0 𝑑𝑎 0 cos 𝑥 1+acos 𝑥 0 1+acos 𝑥 
 

Put 𝑡 = 𝑡𝑎𝑛 
𝑥

 
, 𝑑𝑥 = 

2𝑑𝑡 
and cos 𝑥 =

1−𝑡
2 

 

When x = 0, t = 0; 

When x =𝜋, t = 𝑡𝑎𝑛 
𝜋
=∞



 

∫ 
+

 = . 

∫ = . 

∫ = . 

= ∫ 
−𝑎 

= . tan  

= . 

= . 

𝐜𝐨𝐬 𝒙 𝟎 

𝟐

 

𝟒 𝒚 𝟎 

 

𝑑𝐼             ∞            1               2 𝑑𝑡 

𝑑𝑎           0 1+𝑎.(
1−𝑡

2) 1+𝑡2 

 

𝑑𝐼 ∞ 2 𝑑𝑡 

𝑑𝑎 0 (1+𝑡2)+𝑎(1−𝑡2) 
 

𝑑𝐼 ∞ 2 𝑑𝑡 

𝑑𝑎 0 (1+𝑎)+(1−𝑎)𝑡2 
 

𝑑𝐼 1 ∞ 2 𝑑𝑡 

𝑑𝑎         1−𝑎 0 [
1+𝑎

]+𝑡2 

 
∞ 

𝑑𝐼 2 1−𝑎 −1 1−𝑎 

𝑑𝑎 1−𝑎 1+𝑎 1+𝑎 
0 

 

𝑑𝐼               2        𝜋 

𝑑𝑎         √1−𝑎2 2 

𝑑𝐼 𝜋 

𝑑𝑎         √1−𝑎2 

Integrating both sides w.r.t. a, we get 

𝐼 = 𝜋 sin−1 𝑎 + 𝑐 

To find c, put a = 0 
 

𝐼(0) = 𝜋 sin−1 0 + 𝑐, 𝑐 = 0 

𝐼 = 𝜋 sin−1 𝑎 

∫
𝝅 𝐥𝐨𝐠(𝟏+𝐚𝐜𝐨𝐬 𝒙) 

𝒅𝒙 = 𝝅 𝐬𝐢𝐧−𝟏 𝒂 
 

c) Change the order of integration and evaluate ∫
𝟐 

∫
𝟐+√𝟒−𝒚𝟐      

𝒅𝒙𝒅𝒚. 

[8] 

ANS: 1) Given order and given limits: Given order is: first w.r.t. x and 

then w.r.t y i.e., a strip parallel to the x-axis varies from x = 2 − √4 − 𝑦2 

to x = 2 − √4 − 𝑦2. Y varies from y = 0 to y = 2. 
 

2) Region of integration: x = 2 − √4 − 𝑦2 is the arc and x = 2 + 

√4 − 𝑦2 is the arc of the circle (x - 2)2 + y2 = 4with centre at (2, 0) and 

radius = 2 above the x-axis. y = 0 is the x-axis and y = 2 is the line 

parallel to the x-axis through A (2, 2). The region of integration is the



 

 

0 

0 

 

 

  

∫ ∫ 𝐼 =  𝑑𝑦𝑑𝑧 

∫ ∫ 
 

 

semi-circle OAB above the x-axis. The points of intersection of the circle 

and the x-axis are O (0, 0) and B (4, 0). 
 

3) Change of order of integration: To change the order, consider a 

strip parallel to the y-axis in the region of integration. On this strip y 

varies from y = 0 to y =√4 − (𝑥 − 2)2 and then strip moves from x = 0 to 

x = 4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐼 = ∫
4 

∫
√4−(

𝑥
−2)2 

𝑑𝑦𝑑𝑥 
 

𝐼 = ∫
4
[𝑦]

√4−(𝑥−2)2 

𝑑𝑥 
 

𝐼 = ∫
4

 
√4 − (𝑥 − 2)2 𝑑𝑥 

 

𝐼 = [
𝑥−2 

√4 − (𝑥 − 2)2 + 2 sin−1 𝑥−2
]

4 

0 
 

𝐼 = (2.
𝜋 

) − (−2.
𝜋

) 
 

 𝑰 = 𝟐𝝅 
 

Q.3 a) Evaluate ∭(𝒙 + 𝒚 + 𝒛) 𝒅𝒙𝒅𝒚𝒅𝒛 over the tetrahedron bounded 

by the planes x = 0, y = 0, z = 0 and x + y + z = 1. [6] 
 

ANS: 
 

𝐼 = ∫
1 

0 
∫

1−𝑥 
∫

1−
𝑥

−𝑦
(𝑥 + 𝑦 + 𝑧)𝑑𝑧𝑑𝑦𝑑𝑥 

 

1 1−𝑥 (𝑥+𝑦+𝑧)2 1−𝑥−𝑦 

𝑥=0 𝑦=0 2 0 

 

𝐼 = 
2 𝑥=0 𝑦=0 

[1 − (𝑥 + 𝑦)2]𝑑𝑦𝑑𝑥



 

∫ 
2 0 

∫ 
  

𝐼 = − + 

  

𝟖 

𝟐𝟒 

 

 

𝐼 = 
2 𝑥=0 

[𝑦 − 
(𝑥+𝑦)2

]
1−𝑥 

𝑑𝑥 
 

𝐼 = 
2 𝑥=0

[(1 − 𝑥) − 
3 

+ 
3 

]𝑑𝑥 

1 2𝑥 𝑥2 𝑥4 1 

2 3 2 12 0 
 

𝐼 = 
2
.
12 

= 
8 

 𝑰 = 
𝟏 

 

b) Find the mass of lamina bounded by the curves 𝒚 = 𝒙𝟐 − 𝟑𝒙 and 

𝒚 = 𝟐𝒙 if the density of the lamina at any point is given by 
𝟐𝟓 

𝒙𝒚. 

[6] 
 

ANS: The curve 𝑦 = 𝑥2 − 3𝑥 i.e. 𝑦 + 
4 

= (𝑥 − 
2
)2 is parabola intersecting 

the x-axis in x = 0 and x = 3. The line y = 2x intersects this parabola at x2 

– 3x = 2x i.e. x2 – 5x = 0 i.e. at x = 0, x = 5. Therefore, points of 

intersection are (0,0) and (5,10). The surface density is ρ = (24/25)xy. 

Taking the elementary strip parallel to the y-axis, on the strip y varies 

from 𝑦 = 𝑥2 − 3𝑥 to 𝑦 = 2𝑥 and then x varies from x = 0 to x = 5.



 

 
 

 Mass of lamina = 
0 𝑥2−3𝑥 25 

𝑥𝑦𝑑𝑥𝑑𝑦 
 

= 
24 5 

𝑥 [
𝑦

2

]
2𝑥 

𝑑𝑥 
2 𝑥2−3𝑥 

 

= 
24 

∫
5 

4𝑥3 − 𝑥(𝑥4 − 6𝑥3 + 9𝑥2)]𝑑𝑥 
 

= 
24 

∫
5 

−5𝑥3 + 6𝑥4 − 𝑥5)]𝑑𝑥 
 

24 −𝑥6           6𝑥5           5𝑥4 5 

50      𝑏              5             4      0 

= 
24 

. 54[−
25 

+ 6 − 
5
] 

 

= 
50 

. 54.
12 

 
Mass of lamina = 175. 
 

c) Solve 𝒙𝟐 𝒅𝒙𝒚 
+ 𝟑𝒙

𝒅𝒚 
+ 𝟑𝒚 = 

𝐥𝐨𝐠 𝒙 .𝐜𝐨

𝐬

(𝐥𝐨𝐠 𝒙) 
[8] 

ANS: Given that, 

𝑥2 𝑑

𝑥

𝑦 
+ 3𝑥 

𝑑𝑦 
+ 3𝑦 = 

log 𝑥 .cos(log 𝑥) 

Putting z = log x and x = ez, we get 

[𝐷(𝐷 − 1) + 3𝐷 + 3]𝑦 = 𝑒−𝑧. 𝑧. cos 𝑧 

[𝐷2 + 2𝐷 + 3]𝑦 = 𝑒−𝑧. 𝑧. cos 𝑧 

The A.E. is 𝐷2 + 2𝐷 + 3 = 0 
 

𝐷 = 
−2

±

2√2.𝑖 
= −1 ± √2. 𝑖 

 

The C.F. is 𝑦 = 𝑒−𝑧(𝐶 cos √2𝑧 + 𝐶2 sin √2𝑧) 

P.I. =
𝐷2+2𝐷+3 

𝑒−𝑧. 𝑧. cos 𝑧 

= 𝑒−𝑧.
(𝐷−1)2+

2

(𝐷−1)+3 
. 𝑧. cos 𝑧 = 𝑒−𝑧.

𝐷2+2 
. 𝑧. cos 𝑧



 

 
 

= 𝑒−𝑧 [𝑧 − 
𝐷2+2 

. 2𝐷] .
𝐷2+2 

. cos 𝑧 
 

= 𝑒−𝑧 [𝑧 − 
𝐷2+2 

. 2𝐷] cos 𝑧 = 𝑒−𝑧 [𝑧𝑐𝑜𝑠 𝑧 + 
𝐷2+2 

. 2 sin 𝑧] 

= 𝑒−𝑧[𝑧 cos 𝑧 + 2 sin 𝑧] 

The complete solution is, 
 

y = C.F. + P.I. 
 

𝑦 = 𝑒−𝑧(𝐶 cos √2𝑧 + 𝐶2 sin √2𝑧) + 𝑒−𝑧[𝑧 cos 𝑧 + 2 sin 𝑧] 
 

𝒚 = 
𝟏 

(𝑪𝟏 𝐜𝐨𝐬 √𝟐 𝐥𝐨𝐠 𝒙 + 𝑪𝟐 𝐬𝐢𝐧 √𝟐 𝐥𝐨𝐠 𝒙) + 
𝟏 

[𝐥𝐨𝐠 𝒙 𝐜𝐨𝐬 𝐥𝐨𝐠 𝒙 
 

+𝟐 𝐬𝐢𝐧 𝐥𝐨𝐠 𝒙] 
 
 
 

Q.4 a) Find by double integration the area bounded by the parabola 
 

𝒚𝟐 = 𝟒𝒙 And 𝒚 = 𝟐𝒙 − 𝟒 [6] 
 

ANS: The parabola 𝑦2 = 4𝑥 and the line 𝑦 = 2𝑥 − 4 intersect where 

(2𝑥 − 4)2 = 4𝑥 
 

4𝑥2 − 16𝑥 + 16 = 4𝑥 
 

𝑥2 − 5𝑥 + 4 = 0 
 

x = 1, 4. 

4𝑥2 − 20𝑥 + 16 = 0 
 

(x - 4) (x - 1)=0 

 

When x = 1, y = 2 – 4 = -2; and when x = 4, y = 8 - 4 = 4. Thus, the 

points of intersection are A (1, -2) and B (4, 4). 
 

Now, consider a strip parallel to x-axis. On this strip x varies from x = 

y2/4 to x = (y+4)/2. The strip then moves parallel to the x-axis from y = -2 

to y = 4. 
 

4 (y+4)/2 4 
𝑦+4 

−2 𝑦2/4                                  −2 𝑦2 

4 
 

= 
−2

(
𝑦+4 

− 
𝑦2

)𝑑𝑦 
 

= 
1 

−2
(2𝑦 + 8 − 𝑦2)𝑑𝑦



 

4 

  

𝒅𝒙 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

= 
1 

[𝑦2 + 8𝑦 − 
𝑦

3

]
4 

3 −2 
 

= 
1 

[(16 + 32 − 
64

) − (4 − 16 + 
8
)] 

 

= 
1 

(60 − 24) 
 

𝑨 = 𝟗 
 

b) Solve 
𝒅𝒚 

+ 𝒙 𝐬𝐢𝐧 𝟐𝒚 = 𝒙𝟑𝒄𝒐𝒔𝟐𝒚 [6] 
 

ANS: Given, 
𝑑𝑦 

+ 𝑥 sin 2𝑦 = 𝑥3𝑐𝑜𝑠2𝑦 
 

Dividing both sides by cos2x, 
 

𝑠𝑒𝑐2𝑥 
𝑑𝑦 

+ 𝑥 𝑠𝑒𝑐2𝑥 sin 2𝑦 = 𝑥3 
 

𝑠𝑒𝑐2𝑥 
𝑑𝑦 

+ 2𝑥 tan 𝑦 = 𝑥3…………………… (1) 
 

Put tan y = v and differentiate w.r.t. x, 
 

𝑠𝑒𝑐2𝑥 
𝑑𝑦 

= 
𝑑𝑣 

 

Hence, from (1), we get 
𝑑𝑣 

+ 2𝑣. 𝑥 = 𝑥3



 

 

𝟐 

𝒅𝒙 

   

   

   

 

 

 𝑃 = 2𝑥 And Q = 𝑥3 
 

∫ 𝑃 𝑑𝑥 = ∫ 2𝑥 𝑑𝑥 = 𝑥2 
 

I.F. = 𝑒∫ 𝑃 𝑑𝑥 = 𝑒∫ 2𝑥 𝑑𝑥 = 𝑒𝑥2 
 

The solution is 𝑣 𝑒𝑥2 
= ∫ 𝑒𝑥2

𝑥3 𝑑𝑥 + 𝑐 

To find the integral put 𝑥2 = 𝑡, 𝑥𝑑𝑥 = 
𝑑

𝑡. 

𝐼 = ∫ 𝑒𝑡. 𝑡.
𝑑𝑡 

= 
1 

[𝑡𝑒𝑡 − ∫ 𝑒𝑡 . 𝑑𝑡]……….. [By parts] 
 

𝐼 = 
1 

[𝑡𝑒𝑡 − 𝑒𝑡] = 
1 

𝑒𝑡(𝑡 − 1) = 
1 

𝑒𝑥2
(𝑥2 − 1) 

 

 The solution is 𝑣 𝑒𝑥2 
= 

1 
𝑒𝑥2

(𝑥2 − 1) + 𝑐 
 

 𝐭𝐚𝐧 𝒚 𝒆𝒙𝟐     
= 

𝟏 
𝒆𝒙𝟐

(𝒙𝟐 − 𝟏) + 𝒄 
 
 
 

c) Solve 
𝒅𝒚 

= 𝒙𝟑 + 𝒚 with initial conditions 𝒚(𝟎) = 𝟐 at 𝒙 = 𝟎. 𝟐 in 

step of 

h = 0.1 by Runge Kutta method of Fourth order. [8] 
 

ANS: Given that, 
𝑑𝑦 

= 𝑥3 + 𝑦 
 

𝑓(𝑥, 𝑦) = 𝑥3 + 𝑦, 𝑥0 = 0, 𝑦0 = 2 𝑎𝑛𝑑 ℎ = 0.1 

𝑘1 = ℎ𝑓(𝑥0, 𝑦0) = 0.1(0 + 2) = 0.2 

𝑘2 = ℎ𝑓 (𝑥0 + 
ℎ

 
, 𝑦0 + 

𝑘1) = 0.1[(
0.1

)3 + 2 + 
0.2

] = 0.2100 
 

𝑘3 = ℎ𝑓 (𝑥0 + 
ℎ

 
, 𝑦0 + 

𝑘2) = 0.1[(
0.1

)3 + 2 + 
0.2100

] = 0.2105 
 

𝑘4 = ℎ𝑓 (𝑥0 + 
ℎ

 
, 𝑦0 + 

𝑘3) = 0.1[(
0.1

)3 + 2 + 
0.2100

] = 0.23105 
 

𝑘 = 
𝑘1+2𝑘2+2𝑘3+𝑘4 = 

0.2+2(0.21)+2(0

.

2105)+0.23105 

 

𝒌 = 𝟎. 𝟐𝟏𝟐𝟎



 

𝟎 𝟐 𝟐 

∫ ∫ 

6 6 0 

   . .  

𝐼 = − 

𝟏𝟗𝟐 

𝛽  ,  = = 
. . . .    

𝛽  ,  = 

𝒅𝒊 

  

 

 

Q.5 a) Evaluate ∫
𝟏 

𝒙𝟓 𝐬𝐢𝐧−𝟏 𝒙 𝒅𝒙 and find the value of𝜷(
𝟗 

,
𝟏
). [6] 

 

ANS: 𝐼 = ∫
1 

𝑥5 sin−1 𝑥 𝑑𝑥 
 

Put sin−1 𝑥 = 𝑡 x = sin t 𝑑𝑥 = cos 𝑡 𝑑𝑡 
 

When x = 0, t = 0 when x = 1, t = 𝜋/2 
 

𝐼 = 
0

𝜋/2 
sin5 𝑡. 𝑡. cos 𝑡 𝑑𝑡 = 

0

𝜋/2 
𝑡(sin5 𝑡. cos 𝑡) 𝑑𝑡 

Integrating by parts, 

𝐼 = [𝑡. 
𝑠𝑖𝑛6𝑥

]
𝜋/2 

− ∫
𝜋/2 𝑠𝑖𝑛6𝑥 

. 1. 𝑑𝑡 
0 

 

𝐼 = ( 
𝜋 

.
1 

− 0) − 
1 

.
5.3.1

 
.

𝜋 
 

𝜋          5𝜋 

12        192 

𝑰 = 
𝟏𝟏𝝅 

 
 

9 1 7 5 3 1 1 1 
9 1 2 2 2 2 2 2 2 2 

2 2 ⌈5 5.4.3.2.1 
 

9 1 105𝜋 

2 2             384 

b) In a circuit containing inductance L, resistance R, and voltage E, 

the current i is given by 𝑳
𝒅𝒕 

+ 𝑹𝒊 = 𝑬.Find the current i at time t at t 

= 0 and i = 0 and L, R and E are constants. [6] 
 

ANS: The given equation 
𝑑𝑖 

+ 
𝑅𝑖 

= 
𝐸 

is linear of the type 
𝑑𝑦 

+ 𝑃𝑦 = 𝑄 
 

Its solution is 𝑖𝑒∫𝑅⁄𝐿𝑑𝑡 = ∫ 𝑒∫𝑅⁄𝐿𝑑𝑡 .
𝐸 

. 𝑑𝑡 + 𝑐 
 

𝑖. 𝑒
𝑅𝑡⁄𝐿 = 

𝐿 
∫ 𝑒

𝑅𝑡⁄𝐿 𝑑𝑡 + 𝑐 = 
𝐸 

. 𝑒
𝑅𝑡⁄𝐿 

𝐿 
+ 𝑐 

= 
𝐸 

𝑒
𝑅𝑡⁄𝐿 + 𝑐



 

 

𝑹 

𝒅𝒙 

𝟎 

X 0 1 2 3 4 5 6 
Y 1 0 25 0 1428 0 1 0 0769 0 0625 0 0526 

Ordina e 𝑦 𝑦 𝑦 𝑦 𝑦 𝑦 𝑦
 

 

When t = 0 and i = 0 𝑐 = −
𝐸 

 

𝑖. 𝑒
𝑅𝑡⁄𝐿 = 

𝐸 
𝑒

𝑅𝑡⁄𝐿 − 
𝐸 

 

𝑖 = 
𝐸 

(𝑒
𝑅𝑡⁄𝐿 − 1) 

 

 𝒊 = 
𝑬

 
(𝟏 − 𝒆

−𝑹𝒕⁄𝑳) 
 

c) Evaluate ∫
𝟔 

𝟏+𝟑𝒙 
by using 1} Trapezoidal 2} Simpsons (1/3) rd. 

and 3} Simpsons (3/8) Th rule. [8] 
 

ANS: 
 
 
 
 
 
 
 

1} Trapezoidal Rule: 
 

I = 
ℎ 

(𝑋 + 2𝑅) 
 

X = Sum of extreme value = 1 + 0.0526 = 1.0526 
 

R = Sum of Remaining values = 0.25 + 0.1428 + 0.1 + 0.0769 + 0.0625 

= 0.6322 
 

I = 
1 

(1.0526 + 2(0.6322)) 
 

𝑰 = 𝟏. 𝟏𝟓𝟖𝟓 
 

2} Simpsons (1/3) rd rule 
 

𝐼 = 
ℎ 

(𝑋 + 2𝐸 + 4𝑂) 
 

X = Sum of Extreme values =1 + 0.0526 = 1.0526 
 

E = Sum of even ordinates = 0.1428 + 0.0769 = 0.2197 
 

O = Sum of odd ordinates = 0.25 + 0.1 + 0.0625 = 0.4125 

𝐼 = 
1 

(1.0526 + 2(0.2197) + 4(0.4125)) 

𝑰 = 𝟎. 𝟓𝟔𝟏𝟔.



 

 
 
 

3} Simpsons (3/8) Th rule. 
 

𝐼 = 
3ℎ 

(𝑋 + 2𝑇 + 4𝑅) 
 

X = Sum of extreme value = 1 + 0.0526 = 1.0526 
 

T = Sum of multiple of three =0.1 
 

R = Sum of Remaining values =0.25 + 0.1428 +0.0769 + 0.0625 = 

0.5322 
 

𝐼 = 
3∗1 

(1.0526 + 2(0.1) + 4(0.5322)) 
 

𝑰 = 𝟏. 𝟎𝟔𝟖𝟒𝟓. 
 
 
 

Q.6 a) Find the volume bounded by the paraboloid 𝒙𝟐 + 𝒚𝟐 = 𝒂𝒛 and 

the cylinder 𝒙𝟐 + 𝒚𝟐 = 𝒂𝟐. [6] 
 

ANS: The equations of the cylinder and the paraboloid in polar form are 

r = a and r2 = az. 
 

Now, z varies from z = 0 to z = r2/a, r varies from r = 0 to r = a and θ 

varies from θ = 0 to θ = 
2 

taken 4 times.



 

∫ ∫ ∫ 
  / 

∫ 0 

⁄ 

∫ ∫ 
𝜋  

∫ 
4 0 

𝜋  

 

𝜋  

0 

𝟐 

𝟎 𝟎 

 
 
 
 

𝑉 = 4 
𝜃=0 𝑟=0 𝑧=0

a 
𝑟 𝑑𝑟 𝑑𝜃 𝑑𝑧 

𝜋  

𝑉 = 4 
𝜃=0 

𝑟 [𝑧]𝑟 𝑎
𝑑𝑟𝑑𝜃 

 

𝑉 = 4 
𝜃=0 𝑟=0 

𝑟3 

𝑑𝑟 𝑑𝜃 
 

𝑉 = 
4 

𝜃=0 
[

𝑟4

]
𝑎 

𝑑𝜃 

𝑉 = 
4 

∫
𝜋 

𝑎4 

𝑑𝜃 

 

𝑉 = 𝑎3 ∫2 𝑑𝜃 

𝑉 = 𝑎3[𝜃]
𝜋⁄2 

𝑽 = 
𝝅𝒂𝟑 

 
 
 
 
 

b) Change to polar coordinates and evaluate∫
𝟏 

∫
𝒙
(𝒙 + 𝒚)𝒅𝒚𝒅𝒙. 

[6] 
 

ANS: 1) Region of integration: y= 0 is the x-axis and y = x is a line OB 

through the origin; x = 0 is the y-axis and x = 1 is a line AB parallel to the 

y-axis. Thus the region of integration is the triangle OAB. 
 

2) Change to r, θ: Putting x = r cos θ and y = r sin θ, the line y = x 

becomes r sin θ= r cos θ i.e. tan θ = 1 i.e. θ = 
𝜋
. The x-axis is given by θ 

= 0 and the y-axis is given by θ =
𝜋
. And line x = 1 is given by r cos θ = 1 

i.e. r = sec θ. 

3) Integrand: Putting x = r cos θ and y = r sin θ in (x + y), we get, 
 

r cos θ + r sin θ = r(cos θ + sin θ) and dydx is replaced by r drdθ



 

∫ 

∫ 

) 
𝑟 3 

3 

𝜋  

∫ ∫ 
 

 

 

 

𝟐 

𝟐 

𝟐 𝒅 𝒅𝒙 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐼 = 
0 

. 
∫

sec 𝜃 
r(cos θ + sin θ)r𝑑𝑟 𝑑𝜃 

 

𝐼 = 
0 

. 
∫

sec 𝜃
(cos θ + sin θ)r2𝑑𝑟 𝑑𝜃 

 

𝜋  

𝐼 = ∫4(cos θ + 
sec 𝜃 

sin θ [ ] 𝑑𝜃 
0 

 

𝐼 = 
1 

∫4(cos θ + sin θ) 𝑠𝑒𝑐3𝜃 𝑑𝜃 
 

𝜋 𝜋 

𝐼 = 
3

 
[ 

0 
𝑠𝑒𝑐 𝜃 𝑑𝜃 + 

0 𝑐𝑜𝑠3𝜃 
sin 𝜃 𝑑𝜃] 

 

𝜋 

𝐼 = 
3 

[tan 𝜃 + 
2𝑐𝑜𝑠2𝜃

]
4 

 

𝐼 = 
1 

(1 + 
1
(2-1)) 

 

𝑰 = 
𝟏 

 
 
 

c) Solve by method of variation of parameters 
 

𝒅𝒙𝒚 
+ 𝟑

𝒅𝒚 
+ 𝟐𝒚 = 𝒆𝒆𝒙

. [8] 

ANS: A.E: 𝐷2 + 3𝐷 + 2 = 0



 

𝑦 ′  𝑦 ′  
𝑒 

= − ∫ 

𝑣 = ∫ 

 

Solving the equation, we get 
 

 D = -1, -2. 
 

 C.F = C1𝑒−𝑥 + C2𝑒−2𝑥. 

 𝑦1=𝑒−𝑥 𝑦2= 𝑒−2𝑥 

 𝑦 ′ = −𝑒−𝑥 𝑦 ′ = −2𝑒−2𝑥 

𝑤 = |
𝑦1 

1 

𝑦2
| = |

−𝑒−𝑥 

 

𝑒−2𝑥 

−2𝑒−2𝑥 

= −2𝑒−3𝑥 + 𝑒−3𝑥 
 

= −𝑒−3𝑥 

X =𝑒𝑒𝑥
. 

𝑢 = − ∫
𝑦2𝑋 

𝑑𝑥 
 

𝑒−2𝑥𝑒𝑒𝑥 

−𝑒−3𝑥 

 
 
 
 
 
 
 
 
 

𝑑𝑥 

= − ∫ 𝑒𝑒𝑥
. 𝑒𝑥 𝑑𝑥 

Put 𝑒𝑥 = t 

𝑒𝑥 dx =dt 
 

∫ 𝑒𝑡𝑑𝑡 = 𝑒𝑡 + 𝑐. 

𝑤 = 𝑒𝑒𝑥 
+ 𝑐 

𝑣 = ∫
𝑦1𝑋 

𝑑𝑥 
 

𝑒−𝑥 𝑒𝑒𝑥 

−𝑒−3𝑥 

 

𝑑𝑥 

𝑣 = ∫ 𝑒𝑒𝑥

𝑒2𝑥 𝑑𝑥 

Putting 𝑒𝑥 = t 

 𝑣 = ∫ 𝑒𝑡. 𝑡 𝑑𝑡 = 𝑡𝑒𝑡 − 𝑒𝑡 

 𝑣 = 𝑒𝑥𝑒𝑒𝑥 

− 𝑒𝑒𝑥



 

 

 P.I. = uy1 + vy2 =𝑒𝑒𝑥
.𝑒−𝑥 − (𝑒𝑥𝑒𝑒𝑥 

− 𝑒𝑒𝑥
) 𝑒−2𝑥 

=e-2x. 𝑒𝑒𝑥 

The complete solution is, 
 

y = C.F + P.I 
 

y = C1e-x + C2e-2x + e-2x. 𝒆𝒆𝒙 


